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Combining the small-x evolution and DGLAP for description of inclusive photon
induced processes
B.I. Ermolaev
Ioffe Physico-Technical Institute, 194021 St.Petersburg, Russia
S.I. Troyan
St.Petersburg Institute of Nuclear Physics, 188300 Gatchina, Russia
Interest in studying the inclusive photon induced processes of Deep-Inelastic Scattering (DIS)
and Diffractive DIS (DDIS) at high energies includes their experimental investigation and thorough
theoretical description. The conventional instrument for theoretical investigation of DIS at large x
and large Q2 in Collinear Factorization is DGLAP. It describes the Q2-evolution of the DIS structure
functions. Description of DIS at large Q2 in the small x- region requires accounting for the both Q2
and x -evolution at the same time. Combining DGLAP with total resummation of double logarithms
of x and Q2, we present a description of F1 at large Q
2 and arbitrary x. Making use of the necessity
of the shift of Q2 in order to regulate infrared singularities, we obtain an expression for F1 valid
at arbitrary x and Q2. The obtained expressions coincide with the DLA expressions at small x
and at the same time coincide with the DGLAP result at large x and large Q2. Accounting for
virtuality k2 of the external partons allows us to obtain expressions for F1 in KT -Factorization,
which are valid at arbitrary Q2 and arbitrary relations between Q2 and k2. Expressions for F1 in
all forms of QCD factorization exhibit the small-x asymptotics of the Pomeron type. This Pomeron
is revealed by the high-energy asymptotics of amplitudes of the 2 → 2 parton-parton forward
scattering. These amplitudes are calculated in DLA, so their asymptotics have nothing to do with
the BFKL Pomeron. We demonstrate that the parton-parton amplitudes can be used in the DDIS
models at experimentally available energies which are not asymptotic instead of BFKL Pomeron
or combinations of hard and soft Pomerons. This modification allows us to describe DDIS at high
but not asymptotically high energies and automatically ensures the Pomerons asymptotics, which
simplifies and makes more consistent theory of DDIS.
PACS numbers: 12.38.Cy
2I. INTRODUCTION
Deep-Inelastic Scattering (DIS) and Diffractive Deep-Inelastic Scattering (DDIS) are the objects of intensive ex-
perimental and theoretical investigation. Theoretical studying these processes involves both perturbative QCD and
mimicking the impact of non-perturbative QCD by the fits. The theoretical grounds of such approach are suggested
by QCD factorization. There are several forms/types of QCD factorization in the literature: the first type is Collinear
Factorization[1], the second type is KT -Factorization suggested in Ref. [2] and suggested also as High-Energy Fac-
torization in Ref. [3] and the third type is Basic Factorization suggested in Ref. [4]. In any of those factorizations
the DIS hadronic tensor Wµν is considered in the approximation of the single-parton photon-hadron interactions and
represented through convolutions of perturbative and non-perturbative objects. For instance, the part T of the am-
plitude of the elastic forward Compton scattering off a hadron, related by Optical theorem to the structure function
F1, is represented through convolutions depicted in Fig. 1 in any type of QCD factorization.
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FIG. 1. QCD factorization of amplitude T. The dashed lines denote virtual photons with momentum q, the horizontal straight
lines correspond to the incoming hadron with momentum p, the vertical straight lines stand for intermediate quarks and the
wavy lines denote intermediate gluons with momentum k. The upper blobs denote DIS off partons, they are described with
Perturbative QCD while the lowest blobs are non-perturbative.
In the analytical form, factorization means the following representation of T :
T = Tq ⊗ Φq + Tg ⊗ Φg, (1)
where Tq and Tg stand for the elastic Compton amplitudes off a quark and gluon respectively and Φq,Φg denote
distributions of those partons in the hadrons. The signs ⊗ refer to integrations over momentum k of any parton
in the two-quark and two-gluon intermediate states. A parametrization of momentum k as well as amplitudes Tq,g
and Φq,g depend on the chosen type of factorization
1. When the photons in Fig. 1 are real, with q2 = 0, Optical
theorem relates the amplitude T to the total cross section of photoproduction. In the present paper we focus on the
perturbative amplitudes Tq,g and obtain analytic expressions for them in all types of QCD factorization.
The diffractive DIS processes have been also intensively studied both experimentally (see e.g. Ref. [5] and theoret-
ically (see Refs. [6] - [11]). A part of models used for DDIS involves Pomerons, In the present paper we discuss the
Pomeron contents of the DDIS amplitudes.
1 See for detail Ref. [4] and refs therein.
3Throughout the paper we will use for amplitudes Tq,g as well as for other amplitudes the asymptotic form of the
Sommerfeld-Watson transform frequently addressed as the Mellin transform:
T (col)q,g (w,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
(
w/µ2
)ω
ξ(+)(ω)F (col)q,g (ω, y), (2)
where we have introduced the logarithmic variable
y = ln(Q2/µ2) (3)
and the positive signature factor
ξ(+)(ω) = − (e−ıpiω + 1) /2. (4)
Introducing the signature factor ξ(+)(ω) guarantees that T
(col)
q,g are invariant with respect to permutation of the
incoming and outgoing photons.
Expressions for amplitudes T
(col)
q,g at small-x were obtained in double-logarithmic approximation (DLA) in Ref. [13]
where these amplitudes were represented in terms of the on-shell parton-parton amplitudes Arr′ (r, r
′ = q, g) depicted
in Fig. 2, and explicit expressions for them are presented in Appendix A.
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FIG. 2. Graphs for the parton-parton amplitudes.
The Mellin transform for the parton-parton amplitudes is identical to Eq. (2):
Arr′(s) =
∫ ı∞
−ı∞
dω
2ıpi
(
s/µ2
)ω
ξ(+)(ω)frr′(ω). (5)
Technically, it is more convenient to use the Mellin amplitudes hrr′ which are proportional to frr′ :
hrr′(ω) = frr′(ω)/(8pi
2). (6)
Our paper is organized as follows: in Sect. II we study amplitudes Tq,g in Collinear Factorization. We obtain explicit
expressions for Tq,g which can be used at any x and Q
2, then we briefly remind the small-x behaviour of Tq,g and
4consider the power Q2-corrections to Tq,g. In Sects. III,IV we study amplitudes Tq,g in KT -Factorization. This type
of factorization operates with essentially off-shell external partons. It brings a new technical problem which is absent
in Collinear Factorization: amplitudes with different relations between virtualities of the photon and the parton are
described by different expressions. We solve this problem step-by-step. First, in Sect. III we obtain expressions for
amplitudes Tq,g in a simple but technically important kinematics where Q
2 = 0 and then in Sect. IV we consider the
situation where Q2 6= 0 at arbitrary relations between Q2 and virtuality of external partons. Diffractive DIS (DDIS)
is considered in Sect. V where we focus on the Pomeron contents of the DDIS models. We suggest to use amplitudes
of the 2→ 2-scattering instead of the Pomerons and demonstrate how to do it. Then we discuss technical aspects of
the Pomeron usage in DDIS. Finally, Sect. V is for concluding remarks.
II. COMPTON AMPLITUDES IN COLLINEAR FACTORIZATION
The Compton amplitudes T
(col)
q,g in the case of Collinear Factorization are given by different expressions in the
following kinematic regions:
Region A. Large x and large Q2: (x ∼ 1)⊗(Q2 ≫ µ2).
Region B. Small x and large Q2: (x≪ 1)⊗(Q2 ≫ µ2).
Region C. Small x and small Q2: (x≪ 1)⊗(Q2 < µ2).
Region D. Large x and small Q2: (x ∼ 1)⊗(Q2 < µ2).
The photoproduction amplitudes Aγq and Aγg do not depend on Q
2, so they are defined in two regions:
Region A’: Large x.
Region B’: Small x.
Eq. (1) for Collinear Factorization takes the following form:
T (col) =
∫ 1
x
dβ
β
[
T (col)q (x/β,Q
2/µ2)Φ(col)q (β, µ
2) + T (col)g (x/β,Q
2/µ2)Φ(col)g (β, µ
2)
]
, (7)
where the superscript ”col” refers to Collinear Factorization, µ is the factorization scale and β is the longitudinal
fraction of momentum k in Fig. 1.
The region A is the DGLAP[12] applicability region, so expressions for T
(col)
q,g in this region are obtained with
DGLAP. These expressions can easily be found in the literature. Description of T
(col)
q,g in region B is achieved with
accounting the both x- and Q2- evolution while a generalization to regions C and D require additional analysis.
A. Amplitudes T
(col)
q.g in region B
Amplitudes T
(col)
q,g in region B were calculated in Ref. [13] with DL accuracy and with both fixed and running αs.
They were represented in terms of the parton-parton amplitudes hrr′:
T (col)q (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
(x/β)
−ω
ξ(+)(ω)F (col)q , (8)
T (col)g (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
(x/β)
−ω
ξ(+)(ω)F (col)g ,
with y given by Eq. (3) and F
(col)
q,g defined as follows:
F (col)q = C
(+)
q e
Ω(+)y + C(−)q e
Ω(−)y, (9)
F (col)g = C
(+)
g e
Ω(+)y + C(−)g e
Ω(−)y.
Explicit expressions for Ω(±) as well as for C
(±)
q and C
(±)
q can be found in Appendix B where they are expressed
through amplitudes hrr′. It is easy to check that T
(col)
q = A
(col)
q and T
(col)
q = A
(col)
q at y = 0.
5Let us discuss Eqs. (8,9). It is easy to see that they exhibit a complete similarity to the DGLAP description of
T
(col)
q,g . Indeed, the factors Ω(±) in the exponents of (9) are new anomalous dimensions instead of γ
DGLAP
(±) while the
factors C
(±)
g , C
(±)
q play the role of new coefficient functions instead of the DGLAP coefficient functions CDGLAP .
In contrast to DGLAP, the new coefficient functions in our approach are calculated with the same means as the
anomalous dimensions. The both coefficient functions and anomalous dimensions in (9) are made of amplitudes hrr′ .
When the partonic amplitudes hrr′ are replaced by their Born values, the integrands in Eq. (8) coincide with the
integrands of the LO DGLAP expressions in which the most singular in ω terms are retained. Further expansions of
hrr′ and substituting them in Eq. (9) lead to the NLO (as well as to NNLO DGLAP, etc), where the most singular
terms only are accounted for in each order in αs.
B. Amplitudes Aγq and Aγg in region B’
Putting y = 0 in Eq. (9), we obtain expressions for the photoproduction amplitudes in the Mellin space:
Expressions for the Mellin amplitudes Fq,g(ω, y) and fγq(ω), fγg(ω) in DLA with fixed and running QCD coupling
were obtained in Ref. [13], where they are represented in terms of the Mellin amplitudes hrr′(ω) :
fγq(ω) = C
(+)
q + C
(−)
q = aγq
(ω − hgg)
G(ω)
, (10)
fγg(ω) = C
(+)
g + C
(−)
g = aγq
hqg
G(ω)
,
with C
(±)
q and C
(±)
g defined in Eqs. (B3) and (B4) respectively. Combining Eqs. (10) and the Mellin transform (2)
we arrive at expressions for Aγq and Aγg:
A(col)γq ≡ T (col)q (w, 0) = aγq
∫ ı∞
−ı∞
dω
2ıpi
(x0/β)
−ω
ξ(+)(ω)
(ω − hgg)
G(ω)
, (11)
A(col)γg ≡ T (col)g (w, 0) = aγq
∫ ı∞
−ı∞
dω
2ıpi
(x0/β)
ω ξ(+)(ω)
hqg
G(ω)
,
with the averaged photon-quark coupling aγq = e
2Q¯2q, x0 = µ
2/s and
G = (ω − hqq)(ω − hgg)− hgghqg. (12)
The parton-parton amplitudes hrr′(ω) in DLA with both fixed and running αs were also obtained in Ref. [13]. The
explicit expressions for them can be found in Appendix A.
C. Extension of Eq. (8) to region A
Extension of the small-x expressions of Eq. (8) down to the region A is not as rigorous as obtaining (8,9) where the
regular method of constructing and solving IREE was applied. Now we are going to obtain an interpolation formulae
for amplitudes T
(col)
q,g , which would reproduce the DGLAP expressions at large x and at the same time would coincide
with Eqs. (8,9) at small x.
Such extension can be obtained with the four steps:
Step 1: Subtract the most singular in ω terms (i.e. the terms ∼ αs/ω in the case of LO DGLAP; α2s/ω3 in the case
of NLO DGLAP, etc.) from the DGLAP anomalous dimensions γ
(DGLAP )
(±) (ω, αs). We denote γ˜
DGLAP
(±) the result of
such amputation.
Step 2: Add γ˜DGLAP(±) to Ω(±). The new anomalous dimensions Ω˜(±) contain the totally resummed double-logarithmic
terms essential at small x and unimportant at large x. At the same time they contain less singular DGLAP contri-
butions which are dominant at large x.
Step 3: Subtract the LO DGLAP term = 1 and the most singular in ω terms (i.e. the term 1 ∼ αs/ω2 in the case of
NLO DGLAP, α2s/ω
4 in the case of NNLO DGLAP, etc.) from the DGLAP expressions for the coefficient functions.
Step 4: Add the results obtained in Step 3 with to the DL expressions C
(±)
q,g , arriving thereby at new coefficient
6functions C˜
(±)
q,g . They include both DL contributions and the less singular DGLAP terms. The both subtractions are
necessary to avoid the double counting.
Replacing Ω(±) and C
(±)
q,g in Eq. (8) by Ω˜(±) and C˜
(±)
q,g , we obtain the interpolation expressions T˜
(col)
q,g for the
Compton amplitudes :
T˜ (col)q (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
(x/β)−ω ξ(+)(ω)
[
C˜(+)q e
Ω˜(+)y + C˜(−)q e
Ω˜(−)y
]
, (13)
T (col)g (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
(x/β)
−ω
ξ(+)(ω)
[
C˜(+)g e
Ω˜(+)y + C˜(−)g e
Ω˜(−)y
]
.
Eq. (13) combines the small-x evolution in DLA with the DGLAP results for the coefficient functions and anomalous
dimensions, so it can be used as the interpolation formulae for T
(col)
q,g in the region A⊕B.
D. Extension of Eq. (11) to region A’
Putting y = 0 in Eq. (13), we arrive at the photoproduction amplitudes amplitudes A˜
(col)
γq and A˜
(col)
γg :
A˜(col)γq = aγq
∫ ı∞
−ı∞
dω
2ıpi
(x0/β)
−ω ξ(+)(ω)
[
C˜(+)q + C˜
(−)
q
]
, (14)
A˜(col)γg = aγq
∫ ı∞
−ı∞
dω
2ıpi
(x0/β)
ω
ξ(+)(ω)
[
C˜(+)g + C˜
(−)
g
]
.
The integrands in Eq. (14) combine the totally resummed double-logarithmic terms (which are essential at small
x and unimportant at large x) and less singular DGLAP contributions which are dominant at large x. Therefore,
Eq. (14) presents the interpolation formulae for the photoproduction amplitudes which can be used in the combined
region A′ ⊕B′:
E. Extension of Eq. (13) to the small-Q2 region C ⊕D
Extension of the expressions (13) to describe the amplitudes T˜
(col)
q,g to the region C ⊕D is also not rigorous. The
standard approach suggested in Ref. [19] and used since that in many papers (see e.g. Ref. [20]) to describe DIS at
low Q2 is to make a shift of Q2:
Q2 → Q2 +m2, (15)
where the mass scale m is specified from some physical considerations. In contrast to preceding papers, in Ref. [21]
(see also the overview[22]) we proved that in Perturbative QCD with DL accuracy the scale m can be unambiguously
specified: the IR cut-off µ plays the role of the scale m. Our proof was based on the well-known fact that DL
contributions arise from integrations ∼ dk2i⊥/k2i⊥ over the transverse momenta ki⊥ of virtual partons, which requires
introducing an IR cut-off µ. It can be introduced through the shift k2i⊥ → k2i⊥+µ2, which are eventually leads to the
shift (15), with
m = µ. (16)
The proof in Refs. [21, 22] was done in the context of the spin-dependent structure function g1 but it holds for
amplitudes T˜
(col)
q,g either. In Ref. [13], applying the Principle of Minimal Sensitivity[23], we estimated the value of µ
in Eq. (15):
µ = 2.3ΛQCD ≈ 1GeV. (17)
So, the universal expression for the Compton amplitudes T˜
(col)
q,g valid in the region A⊕B⊕C⊕D (i.e. at arbitrary
values of x and Q2) in the framework of Collinear Factorization is
7T˜ (col)q (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
((x + x0)/β)
−ω
ξ(+)(ω)
[
C˜(+)q e
Ω˜(+)y˜ + C˜(−)q e
Ω˜(−)y˜
]
, (18)
T (col)g (x/β,Q
2/µ2) =
∫ ı∞
−ı∞
dω
2ıpi
((x + x0)/β)
−ω
ξ(+)(ω)
[
C˜(+)g e
Ω˜(+)y˜ + C˜(−)g e
Ω˜(−)y˜
]
,
where we have denoted
y˜ = ln
(
(Q2 + µ2)/µ2
)
. (19)
F. Small-x asymptotics of the Compton amplitudes and comparison with the DGLAP asymptotics
Asymptotics of T
(col)
q,g at x→ 0 and Q2 > µ2 were considered in detail in Ref. [13]. In the present paper we briefly
remind results of Ref. [13] and compare the asymptotics with the asymptotics of these amplitudes obtained in the
DGLAP approach. There is no difference between the asymptotics of T
(col)
q and T
(col)
g . The standard mathematical
tool to calculate the small-x asymptotics of T
(col)
q,g is Saddle Point method. Applying this method to T
(col)
q,g , we obtain
that at x→ 0 amplitudes T (col)q,g become a Reggeon with the vacuum quantum numbers, i.e. the Pomeron-like Reggeon:
T (col)q ∼
Πq(ω0)
(ln(1/x))3/2
x−ω0(Q2/µ2)ω0/2, T (col)g ∼
Πg(ω0)
(ln(1/x))3/2
x−ω0(Q2/µ2)ω0/2, (20)
where Πq,g(ω0) are the impact factors
2 and the exponentials are Reggeons. Eq. (20) can be written in such a way:
T (col)q ∼
Πq(ω0)
(ln(1/x))3/2
(
ζ/µ2
)ω0/2
, T (col)g ∼
Πg(ω0)
(ln(1/x))3/2
(
ζ/µ2
)ω0/2
, (21)
with
ζ = Q2/x2. (22)
Although T
(col)
q and T
(col)
g are supposed to depend on two independent variables x and Q2, Eq. (21) manifests
that asymptotically these amplitudes depend on the single variable ζ only. We name this remarkable property the
Asymptotic Scaling. It is the consequence of accounting for DL contributions to all orders in αs. This property is
absent in the DGLAP approach. Indeed, DGLAP predicts that the x- and Q2- dependence of T
(col)
q,g are unrelated in
asymptotics:
T (DGLAP )q,g ∼ x−a(Q2/µ2)γDGLAP /b, (23)
where γDGLAP is the anomalous dimension and b is the first coefficient of the β-function. The intercept a has a
phenomenological origin: it is generated by the term x−a in the fits for the initial parton densities.
The intercept ω0 in Eq. (20) was calculated in Ref. [13] under several different approximations. The maximal
intercept ωH was obtained in the roughest approximation where the quark contributions was neglected and αs was
fixed. This intercept was close to the LO BFKL Pomeron intercept[14]. The minimal intercept ωS is close to the
NLO BFKL Pomeron intercept[15]. It corresponds to the most accurate calculation where both gluon and quark
contributions are accounted for and αs is running. These intercepts are:
ωH = 1.35, ωS = 1.07. (24)
2 Explicit expressions for the impact factors can be found un Ref. [13].
8The subscripts H and S stand for Hard and Soft respectively according to the conventional Pomeron terminology.
Eq. (24) reads that the Reggeon in (21) turns out to be a supercritical Pomeron. Similarly to the BFKL Pomeron, it is
the small-x asymptotics of the perturbative series in αs but the parent amplitudes T
(col)
q,g contain the total resummation
of DL contributions which are totally neglected in the BFKL approach and in all approaches based on it.
Confronting Eqs. (18) and (20) demonstrates that the small-x asymptotics are given by much more simple ex-
pressions than the parent amplitudes. It provokes temptation to forget about the parent amplitudes and to use the
asymptotics solely. However, the asymptotics should not be used outside their applicability regions. This region de-
pends on Q2. The greater is Q2, the less is xmax. In particular, Ref. [13] states that at Q
2 = 10 GeV2 the asymptotics
(20) reliably represent the amplitudes (18) at x ≤ xmax only, with
xmax = 10
−6. (25)
G. Perturbative power Q2-contributions
We begin studying the power Q2-corrections with considering T
(col)
q at the large-Q2 region, where Q2 ≫ µ2 and
where the logarithmic variable y˜ defined in (19) can be expanded in the series as follows:
y˜ = y +
∞∑
n=1
cn
(
µ2
Q2
)n
. (26)
Being substituted in Eq. (18), it allows us to write T
(col)
q as
T˜ (col)q (x/β, Q˜
2) = T˜ (col)q (x/β,Q
2) +
(
µ2
Q2
)
C1 +
(
µ2
Q2
)2
C2 + ... (27)
The first term in the r.h.s. of Eq. (27) describes the Compton amplitude in the region A ⊗ B. At large x it is
given by the DGLAP formulae whereas the second and third terms can wrongly be interpreted as contributions of
the higher twists, probably of the non-perturbative origin though actually they are altogether perturbative:
C1 =
∂T
(col)
q (x/β, y)
∂y
, C2 =
1
2
∂2T
(col)
q (x/β, y)
∂y2
. (28)
This example demonstrates that ignoring the shift (15) and interpretating all terms inversely proportional to Q2 as
an impact of higher twist could be misleading. On the other, at Q2 < µ2 the expansion (26) is replaced by another
one:
y˜ =
∞∑
n=1
c′n
(
Q2
µ2
)n
. (29)
It leads to the small-Q2 expression for T˜
(col)
q :
T˜ (col)q (x/β, Q˜
2) =
∞∑
n−1
(
Q2
µ2
)n
C′n (30)
which decreases down to zero when Q2 → 0. It explains very well why the terms ∼ 1/(Q2)n are never seen at small
Q2 where their impact could be great. We remind that our estimate of µ is µ ≈ 1 GeV (see Eq. (17)). Disappearing
of the terms ∼ 1/(Q2)n at Q2 . 1 GeV obtained from analysis of experimental data could confirm correctness of our
reasoning.
9III. COMPTON AMPLITUDES WITH Q2 = 0 FOR KT - FACTORIZATION
By definition,KT -Factorization should be used at high energies, which excludes regions A and D out of consideration.
In order to avoid confusions we will provide all amplitudes we consider inKT -Factorization with the superscript ”KT ”.
We follow the conventional restriction on the virtualities k2 of the initial t-channel partons:
w≫ |k2|. (31)
In order to calculate the Compton amplitudes inKT -Factorization we compose and solve IREE for these amplitudes.
In the first place, we consider the photoproduction amplitudes A
(KT )
γq and A
(KT )
γq (s, k2) in kinematics (31) and then
consider the Q2-dependent Compton amplitudes T
(KT )
q,g . The virtualities k2 in KT -Factorization are supposed to be
made of transverse components, so k2 ≈ −k2⊥.
A. Calculating amplitudes A
(KT )
γq and A
(KT )
γq
Amplitudes A
(KT )
γq and A
(KT )
γq do not depend on Q2, so we will use the Mellin transform in the following form:
A(KT )γq =
∫ ı∞
−ı∞
dω
2ıpi
(
s/µ2
)ω
ξ(+)(ω)F (KT )γq (ω, z), (32)
A(KT )γg =
∫ ı∞
−ı∞
dω
2ıpi
(
s/µ2
)ω
ξ(+)(ω)F (KT )γg (ω, z),
where we have denoted
z = ln(k2⊥/µ
2). (33)
IREE for the Mellin amplitudes Fγq(ω, z), Fγg(ω, z) are
∂
∂z
F (KT )γq (ω, z) + ωF
(KT )
γq (ω, z) = f
(col)
γq (ω)Hqq(ω, z) + f
(col)
γg (ω)Hgq(ω, z), (34)
∂
∂z
F (KT )γg (ω, z) + ωF
(KT )
γg (ω, z) = f
(col)
γq (ω)Hqg(ω, z) + f
(col)
γg (ω)Hgg(ω, z).
Expressions for on-shell amplitudes f
(col)
γq and f
(col)
γg in the r.h.s. of Eq. (34) are given by Eq. (10) while new off-shell
parton-parton amplitudes Hrr′(ω, z) are unknown and should be specified. The general solution to Eq. (34) should
be specified by the matching:
A(KT )γq (w, z)|z=0 = A(col)γq (w). (35)
Substituting solution to Eq. (34) satisfying (35) in Eq. (32) brings the expressions for A
(KT )
γq and A
(KT )
γg in KT -
Factorization:
A(KT )γq =
∫ ı∞
−ı∞
dω
2ıpi
(
s/k2⊥
)ω
ξ(+)(ω)
[
f (col)γq
(
1 +
∫ z
0
dueωuHqq(ω, z
′)
)
+ f (col)γg
∫ z
0
dueωuHgq(ω, z
′)
]
, (36)
A(KT )γg =
∫ ı∞
−ı∞
dω
2ıpi
(
s/k2⊥
)ω
ξ(+)(ω)
[
f (col)γq
∫ z
0
dueωuHqg(ω, z
′) + f (col)γg
(
1 +
∫ z
0
dueωuHgg(ω, z
′)
)]
.
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B. Off-shell parton-parton amplitudes Hrr′
Amplitudes Hrr′ can also be found with composing and solving appropriate IREEs. We will use for them the Mellin
transform in the form of Eq. (32). The IREEs for Hrr′ are quite similar to Eq. (34):
∂
∂z
Hqq = (−ω + hqq)Hqq + hqgHgq, (37)
∂
∂z
Hgq = hgqHqq + (−ω + hgg)Hgq,
∂
∂z
Hqg = (−ω + hqq)Hqg + hqgHgg,
∂
∂z
Hgg = hgqHqg + (−ω + hgg)Hgg .
Specifying the general solution to Eq. (37) should be done with using the matching:
Hrr′ |z=0 = hrr′ . (38)
As a result, we obtain the following expressions for Hrr′ :
Hqq = e
−ωz
[
C1e
Ω(+)z + C2e
Ω(−)z
]
, (39)
Hgq = e
−ωz
[
hqq − Ω(+)
hqg
C1e
Ω(+)z +
hqq − Ω(−)
hqg
C2e
Ω(−)z
]
,
Hgg = e
−ωz
[
C′1e
Ω(+)z + C′2e
Ω(−)z
]
,
Hqg = e
−ωz
[
hgg − Ω(+)
hgq
C′1e
Ω(+)z +
hgg − Ω(−)
hgq
C′2e
Ω(−)z
]
.
Explicit expressions for the terms Ω(±) are presented in Eq. (B1) while C1,2 and C
′
1,2 are defined in Eq. (C1) through
amplitudes hrr′ which are defined in Eq. (A1).
IV. CALCULATING OFF-SHELL COMPTON AMPLITUDES AT NON-ZERO Q2
To avoid confusion with the notations used in the previous Sects., we denote T
(E)
q,g (w,Q2, k2⊥) and T
(F)
q,g (w,Q2, k2⊥)
the Compton amplitudes with off-shell partons in KT -Factorization in regions E and F respectively. Each of them
involves off-shell photons and off-shell partons, so calculation of them involves analysis of an interplay between the
parton virtualities k2⊥ and the photon virtualities Q
2. We will consider the kinematics
w≫ Q2, k2⊥, (40)
where w ≈ s but do not fix in advance an hierarchy between Q2 and k2⊥. The kinematic region (40) includes two
sub-regions, E and F where expressions for T
(KT )
q,g in DLA are given by different formulae, so two regions which should
be considered separately. These sub-regions are:
Sub-region E: Moderate-virtual kinematics where
k2⊥ ≪ µ2/x. (41)
Sub-region F: Deeply-virtual kinematics where
k2⊥ ≫ µ2/x. (42)
We will use the Mellin transform for T
(E,F)
q,g in the following form:
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T (E)q,g =
∫ ı∞
−ı∞
dω
2ıpi
(
s/µ2
)ω
ξ(+)(ω)ϕ(E)q,g (ω, y, z), (43)
T (F)q,g =
∫ ı∞
−ı∞
dω
2ıpi
(
s/µ2
)ω
ξ(+)(ω)ϕ(F)q,g (ω, y, z),
where y and z are given by Eqs. (3,33).
A. Calculating the off-shell Compton amplitudes in region E
We begin with composing IREEs for the off-shell Compton amplitudes in the Mellin space in region E. They look
alike Eq. (34) though each of them involves two derivatives:
∂ϕ
(E)
q
∂y
+
∂ϕ
(E)
q
∂z
+ ωϕ(E)q = F
(col)
q (ω, y)Hqq(ω, z) + F
(col)
g (ω, y)Hgq(ω, z), (44)
∂ϕ
(E)
g
∂y
+
∂ϕ
(E)
g
∂z
+ ωϕ(E)g = F
(col)
q (ω, y)Hqg(ω, z) + F
(col)
g (ω, y)Hgg(ω, z).
General solutions to Eq. (44) should be specified with the matching
T (E)q (w, y, z)|z=0 = T (col)q (ω, y), T (E)g (w, y, z)|z=0 = T (col)g (ω, y), (45)
with T
(col)
q,g defined in Eqs. (8,9). The matching (45) implies the following hierarchy between y and z:
y > z. (46)
The requirement (46) is temporary. The final expressions for T
(E)
q,g will be written in the form free of this hierarchy.
It is convenient to replace y and z by new variables ξ, η to solve Eq. (44):
ξ =
1
2
(y + z), η =
1
2
(y − z). (47)
Obviously,
y = ξ + η, z = ξ − η. (48)
In terms of ξ, η Eq. (44) looks simpler:
∂ϕ
(E)
q
∂ξ
+ ωϕ(E)q = F
(col)
q (ω, y)Hqq(ω, z) + F
(col)
g (ω, y)Hgq(ω, z), (49)
∂ϕ
(E)
g
∂ξ
+ ωϕ(E)g = F
(col)
q (ω, y)Hqg(ω, z) + F
(col)
g (ω, y)Hgg(ω, z).
Solutions to Eq. (49) are:
ϕ(E)q = e
−ωξ
[
T (col)q (ω, η) +
∫ ξ
η
dveωv
(
F (col)q (ω, y
′)Hqq(ω, z
′) + F (col)g (ω, y
′)Hgq(ω, z
′)
)]
, (50)
ϕ(E)g = e
−ωξ
[
T (col)g (ω, η) +
∫ ξ
η
dveωv
(
F (col)q (ω, y
′)Hqg(ω, z
′) + F (col)g (ω, y
′)Hgg(ω, z
′)
)]
,
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with the variables y′, z′ defined as follows:
y′ = v + η, z′ = v − η. (51)
In order to lift the relation between y and z of Eq. (46) we replace η with |η| everywhere save Eq. (51). Doing so
and substituting Eq. (50) in (43), we arrive at expressions for amplitudes T
(E)
q,g in region E:
T (E)q =
∫ ı∞
−ı∞
dω
2ıpi
ξ(+)(ω)
(
s√
Q2k2⊥
)ω [
T (col)q (ω, |η|)+ (52)∫ ξ
|η|
dveωv
(
F (col)q (ω, y
′)Hqq(ω, z
′) + F (col)g (ω, y
′)Hgq(ω, z
′)
)]
,
T (E)g =
∫ ı∞
−ı∞
dω
2ıpi
ξ(+)(ω)
(
s√
Q2k2⊥
)ω [
T (col)g (ω, |η|)+∫ ξ
|η|
dveωv
(
F (col)g (ω, y
′)Hqg(ω, z
′) + F (col)g (ω, y
′)Hgg(ω, z
′)
)]
.
B. Calculating the off-shell Compton amplitudes in region F
Integrations over momenta of all virtual partons, including the softest partons, in region F do not involve the cut-off
µ, so the r.h.s. of the both IREEs for T
(F)
q,g is zero 3 which makes such IREEs be very simple:
∂T
(F)
q
∂ρ
+
∂T
(F)
q
∂y
+
∂T
(F)
q
∂z
= 0, (53)
∂T
(F)
g
∂ρ
+
∂T
(F)
g
∂y
+
∂T
(F)
g
∂z
= 0.
where we have used the new logarithmic variable ρ = ln(w/µ2). A general solution to Eq. (53) is
T (F)q = Ψq ((ρ− y), (ρ− z)) , T (F)g = Ψg ((ρ− y), (ρ− z)) , (54)
with Ψq and Ψg being arbitrary functions. In terms of the logarithmic variables regions E and F defined in Eqs. (41,42)
look as follows:
E; ρ > y + z,
F: ρ < y + z.
In the previous Sect. amplitudes T
(E)
q,g were obtained. On the border surface between regions E and F, where ρ = y+z,
these amplitudes coincide with amplitudes T¯
(F)
q,g :
T (F)q (y, z) = T¯
(E)
q (y, z), T
(F)
g (y, z) = T¯
(E)
g (y, z), (55)
with the new amplitudes T¯
(E)
q,g defined as follows:
T¯ (E)q (y, z) = T
(E)
q (ρ, y, z)|ρ=y+z, T¯ (E)g (y, z) = T (E)g (ρ, y, z)|ρ=y+z. (56)
According to Eq. (54) the expression for T
(F)
q , T
(F)
g in the whole region F can be obtained from amplitudes T¯
(E)
q,g by
the simple change of their arguments:
T (F)q (ρ, y, z) = T¯
(E)
q (ρ− y, ρ− z), T (F)g (ρ, y, z) = T¯ (E)g (ρ− y, ρ− z). (57)
Both ρ− y and ρ− z do not depend on the IR cut-off µ, so amplitudes T (F)q,g are IR stable.
3 A detailed derivation of IREEs in the case of Deeply-Virtual kinematics can be found in Ref. [24].
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C. Extension to the region C
Extension of T
(E)
q,g to the small-Q2 region C can be done with the shift of Q2 as in Collinear Factorization. A
similar extension of T
(F)
q,g is impossible by definition. As a result, amplitudes T
(E)
q,g can be extended to region C with
replacement of y in Eq. (52) by y˜ defined in Eq. (19).
D. Extension of the expressions for off-shell Compton amplitudes to Basic Factorization
It follows from Ref. [4] that extension of the photoproduction amplitudes of Eq. (36) as well as Compton amplitudes
T
(E)
q,g and T
(F)
q,p defined in Eqs. (52,57) can be done with the very simple replacement: it is necessary and sufficient to
replace k2⊥ by |k2| in those equations.
V. SMALL-x EVOLUTION FOR DESCRIPTION OF INCLUSIVE DIFFRACTIVE PROCESSES
In this Sect. we present a brief comment on implication of small-x evolution in DLA as well as its high-energy
asymptotics to investigating the inclusive diffractive DIS (DDIS) off proton, γ∗p → Xp and inclusive diffractive
photoproduction (IDP) off proton, γp→ Xp. In the present paper we consider these diffractive processes in Collinear
Factorization. We present a more detailed consideration of DDIS in our forthcoming paper. Description of DDIS and
IDP is model-dependent. We focus on the models which involve a Pomeron contributions. They exploit various kinds
of Pomerons, however each Pomeron (often denoted IP) works as a mediator between the proton and the sub-process
describing production of jets or unregistered partons (X). The graphs corresponding to amplitudes of DDIS and IDP
are depicted in Fig. 2 in a generic way. A detailed comment on these processes can be found in Ref. [10].
IP 
✞
✆ 
p p✄ 
X 
(A) 
IP 
✞  
p p✄ 
X 
(B) 
FIG. 3. Graph A is for the amplitude of the lepton-proton DDIS and graph B is for the diffractive photoproduction amplitude.
The dashed line in graph A denotes the virtual photon γ∗ while in graph B it corresponds to the on-shell photon γ. The vertical
double line on each graph corresponds to Pomeron (IP). The lowest horizontal straight lines stand for the proton states and
the upper straight lines in graph A denote leptons.
Any t-channel intermediate state between the blobs in Fig. 2, should satisfy two requirements: (a) it should be
colourless to conserve the initial proton color content; (b) it should provide the amplitude with growth when the
total energy rises. Such goals can be achieved with different means. For instance, the model/phenomentological
14
Pomerons (see e.g. Refs. [8, 10, 16]) can be used. Another option is when the intermediate state consists of two gluons
propagating in the t-channel. Radiative corrections convert this state into the amplitude of 2→ 2 scattering of gluons
in the forward kinematics. Radiative corrections to the two-gluon exchange can be accounted for to all powers in αs
in two cases:
(a) Leading Logarithmic Approximation (LLA) which sums the series
∼ s (αs ln s)n (58)
i.e single logarithms of s multiplied by the power factor s.
(b) Double-Logarithmic Approximation (DLA) which sums double-logs
∼ (αs ln2 s)n . (59)
When the radiative corrections are calculated in LLA and then their sum is approximated by its asymptotics, the
intermediate t-channel state is the BFKL Pomeron. When p 6= p′ and therefore t 6= 0, this Pomeron is often referred
(see Refs. [9], overview[10], recent papers[11]) to as the non-forward BFKL Pomeron4. Alternatively, the high-energy
asymptotics of the sum of the DL series calculated in Ref. [13] is another contribution to Pomeron (in what follows we
will address it as DL Pomeron to distinguish it from the BFKL Pomeron). A generic analytic expression corresponding
to the DDIS amplitudes M of Fig. 2 can be written as follows:
M = A(γX)gg ⊗ IPgg ⊗Ψgg, (60)
where A(γX) stands for the upper blobs, IP denotes the Pomeron and Ψgg describes the colorless two-gluon state in
the proton.
A. DLA amplitudes instead of Pomerons
From theoretical point of view, Eq. (60) is unsatisfactory by two reasons: (a) Any Pmeron means the asymptotic
regime while the amplitude M is used at the energies pretty far from asymptotics.
(b) There is no theoretical means to evaluate the application region for using IP . Instead of the straightforward using
Pomerons in DDIS, we suggest to replace them the parton-parton amplitudes Arr′ which are defined in Eq. (5). They
are t-channel color singlets and grow with the energy. These amplitudes are depicted in Fig. 2. Using them instead
of IP converts Eq. (60) into the following expression:
M =
∑
rr′
A
(γX)
rr′ ⊗Arr′ ⊗Ψrr′, (61)
where Ψrr′ denotes the colorless state of the partons rr
′ in the proton. When t = (p′ − p)2 6= 0, the IR cut-off µ2
in the expressions for Arr′ should be replaced by |t| (see Ref. [13] for detail). Eq. (61) is illustrated by the graphs
depicted in Fig. 4.
Depending on the specific diffractive process, either all graphs in Fig. 4 or a part of them can be involved. The term
with r = r′ = g in Eq. (61) (graph A in Fig. 4) corresponds to the gluon-gluon scattering amplitude which is similar
to the Eq. (60) but the other terms in Eq. (61) (the graphs B-D) involve t-channel quark-antiquark states which are
absent in the conventional Pomeron scenario of Eq. (60) and besides involve different components of the proton wave
function.
It is easy to show that asymptotics of Arr′ also have the Regge form and intercepts of all Regeons are identical,
though the impact-factors are different. It follows from the observation made in Ref. [13] that the all intercepts are
the rightmost roots of the same equation W = 0, with W defined in Eq. (A4), and the fact that W participate in all
Arr′ . Also it is easy to show that the applicability region of the asymptotics of Agg is also given by Eq. (25), so this
Pomeron can be used at xIP < xmax only. When xIP ≥ xmax, the parent amplitudes hrr′ should not be approximated
by their asymptotics.
4 We would like to notice here that addressing such object as ”non-forward” BFKL Pomeron just because t 6= 0 is misleading because the
originally the BFKL Pomeron was calculated in Ref. [14] at non-zero t. Besides, the kinematics where s ≫ |t| 6= 0 is by definition the
forward kinematics. In order to stress that t 6= 0 one could use e.g. the word ”non-collinear” instead of ”non-forward”.
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✞✁ ✞
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p p✄ 
X 
(A) (B) 
 
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✂
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p p✟ 
X 
 
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(C) 
+ + 
✞✁ ✞
✆ ✞✁ ✞✆ 
p✄ 
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✠✠
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✆ 
(D) 
p 
+ + 
X 
FIG. 4. Graphs for the DDIS or diffractive photoproduction amplitudes. The dashed lines denote either virtual photon γ∗ or
on-shell photons γ. The middle blobs stand for the parton-parton amplitudes. Each lowest blob describes the parton emission
off the incoming proton and subsequent absorption of the same parton.
B. Remarks on hard and soft Pomerons
The BFKL and DL Pomerons are based on QCD calculations. They do not participate in the spin-dependent
processes. In addition to them, there are many phenomenological Pomerons in the literature (see e.g. the overview[10]
and refs therein). We will address such Pomerons as model ones. Some of the model Pomerons participate in spin-
dependent processes (see e.g. the recent paper[16] and refs therein). All model Pomeron are supercritical. Depending
on the values of the Pomeron intercepts, i.e. on the extent of violating Unitarity, the model Pomerons can be either
hard (see e.g. Ref. [17]) or soft, see e.g. Ref. [18]. Intercepts of the model Pomerons are specified so that to fit
experimental data.
In contrast to them, the intercepts of the BFKL and DL Pomerons are found with calculations. When the cal-
culations are rough, the intercepts are large, so these Pomerons are hard. Increase of the accuracy converts hard
BFKL and DL Pomerons into soft ones. This observation does not agree with treating hard and soft Pomerons as
independent objects.
Eq. (25) states that the Pomerons can replace the parent amplitudes at x < xmax only. Analysis made in Ref. [13]
for the case Q2 = 10 GeV2 reports that at x ≈ 10−3 the Pomeron contribution is about two times less than the
parent amplitudes and at x ≈ 10−4 the Pomeron is ≈ 0.67 of the parent amplitude. Intention to compensate this
disproportion with minimal technical means results into introducing several Pomerons. Therefore, the available in
the literature Pomeron-looking terms ∼ x∆iIP should be regarded rather as a set of basis functions to mimic unknown
parent amplitudes than theoretically grounded objects. Fortunately, the parent amplitudes T˜q and T˜g as well as the
parton-parton amplitudes hrr′ are now known at any x and in all forms of QCD factorization.
VI. CONCLUSION
In this paper we first considered the DIS structure function F1 in Collinear Factorization, focusing its the perturba-
tive component which is related by Optical theorem to the amplitudes Tq,g(x,Q
2) of the forward Compton scattering
off quarks and gluons. Throughout the paper we have addressed such amplitudes as parents amplitudes. We began
with combining the expressions for Tq,g obtained in DLA in Ref. [13] with the DGLAP expressions. As a result, in
Eq. (13) we obtained the expressions for Tq,g which can be used at large Q
2 and arbitrary x. Then, making use of the
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shift (15), we arrived at Eq. (18) the expressions describing Tq,g at arbitrary x and Q
2. When Q2 = 0, amplitudes
Tq,g(s, 0) are related to the total cross section of photoproduction. Eg. (14) presents the explicit expression for ampli-
tudes Tq,g(s, 0). To finish considering F1 in Collinear Factorization we reminded of the remarkable features of Tq,g in
DLA: Regge form of the small-x asymptotics (20), with the Reggeon being a supercritical Pomeron, and Asymptotic
Scaling (21). Besides, we considered appearance of perturbative power Q2-contributions at large and small Q2 and
wrote down them in Eqs. (27) and (30).
Then we proceeded in Sect. IV to studying the partonic Compton amplitudes TKTq,g in KT -Factorization, which
is more involved technically because there is an interplay between values of the photon virtuality Q2 and the inter-
mediate parton virtuality k2, so TKTq and T
KT
g depend on both Q
2 and k2. As a result, they are represented by
different expressions in the Moderately-Virtual and Deeply-Virtual kinematic regions defined in Eqs. (41) and (42)
respectively. We obtained the explicit expressions for TKTq,g in the both regions in Eqs. (52) and (57). Considering
the Compton scattering amplitudes at Q2 = 0, we obtained in Eq. (36) the parent amplitude for photoproduction in
KT -Factorization.
Finally, in Sect. V we revised the Pomeron contents of the models for the inclusive diffractive processes in Collinear
Factorization. We argued against using the Pomerons to describe these processes because such Pomerons were used
well outside their applicability regions. Also we demonstrated that division of the Pomerons into hard and soft ones
contradicted to the situation with both BFKL and DL Pomerons. We argued for replacing the Pomerons in the
DDIS amplitudes by the parton-parton amplitudes Arr′ defined in Eq. (5). We obtained explicit expressions for such
amplitudes at any x and in all available in the literature types of QCD factorization. Using them instead of sets of
two or more Pomerons will make theory of DIS and DDIS more consistent.
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Appendix A: Expressions for the parton-parton amplitudes
hqq =
1
2
[
ω − Z − bgg − bqq
Z
]
, hqg =
bqg
Z
, (A1)
hgg =
1
2
[
ω − Z + bgg − bqq
Z
]
, hgq =
bgq
Z
,
where
Z =
1√
2
√
Y +W , (A2)
with
Y = ω2 − 2(bqq + bgg) (A3)
and
W =
√
(ω2 − 2(bqq + bgg))2 − 4(bqq − bgg)2 − 16bgqbqg. (A4)
Eqs. (A1,A3,A4) express hrr′ through terms brr′. The terms brr′ include the Born factors arr′ and contributions of
non-ladder graphs Vrr′ :
brr′ = arr′ + Vrr′ . (A5)
The Born factors are (see Ref. [22] for detail):
aqq =
A(ω)CF
2pi
, aqg =
A′(ω)CF
pi
, agq = −A
′(ω)nf
2pi
. agg =
2NA(ω)
pi
, (A6)
where A and A′ stand for the running QCD couplings:
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A =
1
b
[
η
η2 + pi2
−
∫ ∞
0
dze−ωz
(z + η)2 + pi2
]
, A′ =
1
b
[
1
η
−
∫ ∞
0
dze−ωz
(z + η)2
]
, (A7)
with η = ln
(
µ2/Λ2QCD
)
and b being the first coefficient of the Gell-Mann- Low function. When the running effects
for the QCD coupling are neglected, A(ω) and A′(ω) are replaced by αs. The terms Vrr′ are represented in a similar
albeit more involved way (see Ref. [22] for detail):
Vrr′ =
mrr′
pi2
D(ω) , (A8)
with
mqq =
CF
2N
, mgg = −2N2 , mgq = nfN
2
, mqg = −NCF , (A9)
and
D(ω) =
1
2b2
∫ ∞
0
dze−ωz ln
(
(z + η)/η
)[ z + η
(z + η)2 + pi2
− 1
z + η
]
. (A10)
Appendix B: Explicit expressions for ingredients of Eq. (9)
The factors C
(±)
q,g and Ω(±) of Eq. (8 were obtained in Ref. [13]. We list them below. All of them are expressed
though the parton-parton amplitudes hrr′ of Appendix A. The factors Ω(±) are:
Ω(±) =
1
2
[
hgg + hqq ±
√
R
]
(B1)
and
R = (hgg + hqq)
2 − 4(hqqhgg − hqghgq) = (hgg − hqq)2 + 4hqghgq. (B2)
The factors C(±) are also expressed through the parton-parton amplitudes:
C(+)q = aγq
hqghgq − (ω − hgg)
(
hgg − hqq −
√
R
)
2G
√
R
, (B3)
C(−)q = aγq
−hqghgq + (ω − hgg)
(
hgg − hqq +
√
R
)
2G
√
R
.
C(+)g = C
(+)
q
hgg − hqq +
√
R
2hqg
, (B4)
C(−)g = C
(−)
q
hgg − hqq −
√
R
2hqg
.
Appendix C: Expressions for the factors C1,2 and C
′
1,2 of Eq. (39)
The terms
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C1 =
2hqghgq − h2qq + hqqhgg + hqq
√
R
2
√
R
, (C1)
C2 =
h2qq − hqqhgg − 2hqghgq + hqq
√
R
2
√
R
,
C′1 =
2hqghgq − h2gg + hqqhgg + hgg
√
R
2
√
R
,
C′2 =
h2gg − hqqhgg − 2hqghgq + hgg
√
R
2
√
R
,
where R is given by Eq. (B2).
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